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We study the pairing symmetry of the interlayer paired state of composite fermions in quantum Hall
bilayers. Based on the Halperin-Lee-Read (HLR) theory, the effect of the long-range Coulomb interaction
and the internal Chern-Simons gauge fluctuation is analyzed with the random-phase approximation beyond
the leading order contribution in small momentum expansion, and we observe that the interlayer paired
states with a relative angular momentum l ¼ þ1 are energetically favored for filling ν ¼ 1
2
þ 1
2
and 1
4
þ 1
4
.
The degeneracy between states with l is lifted by the interlayer density-current interaction arising from
the interplay of the long-range Coulomb interaction and the Chern-Simons term in the HLR theory.
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Quantum Hall systems with even-denominator filling
fractions are well described by composite fermions (CFs)
[1]. A CF in two dimensions is composed of an electron
with an even number of magnetic fluxes attached via the
Chern-Simons gauge field. The attached fluxes cancel the
external magnetic field on average, thus leading to a well-
defined Fermi surface of CFs as theorized by Halperin, Lee,
and Read [2].
In quantum Hall bilayer systems, quantized Hall con-
ductances, indicative of incompressible states, are observed
when each layer is at even-denominator filling fractions and
two layers are separated by a short distance. Such systems
are realized in a single wide quantum well [3], double
quantum wells [4], and more recently, bilayer graphene
[5–8]. Tunneling spectroscopy [9,10], Hall drag [11], and
counterflow measurements [12,13] demonstrate the for-
mation of an exciton superfluid phase for small layer
distances [14–16]. On the other hand, the bilayer system
is described by two composite Fermi liquids with interlayer
interactions at large distance. From a theoretical viewpoint,
Bonesteel et al. [17,18] showed that such a system is
unstable to Cooper pairing between CFs on the two
different layers. The pairing interaction arises from the
long-range Coulomb interaction and fluctuations of the
Chern-Simons gauge fields. Using the random-phase
approximation (RPA) for the gauge field propagator,
Refs. [17,18] derived the most singular part of the pairing
interaction. As recognized by the authors, at this level of
approximation, pairing interactions in all angular momen-
tum channels are degenerate.
In this Letter, we study the energetically favored pairing
symmetry of bilayer quantum Hall systems due to the
effective interaction between CFs obtained by the RPA. We
go beyond the previous analyses to include the effect of the
time-reversal breaking external magnetic field on the
effective interaction between CFs. This effect appears
through an interlayer density-current interaction mediated
by the Chern-Simons gauge field. The resulting pairing
interaction between CFs lifts the degeneracy between
pairings in angular momentum þl and −l channels. We
show that the interlayer paired state with a relative angular
momentum l ¼ þ1 is favored at filling ν ¼ 1
2
þ 1
2
and 1
4
þ 1
4
.
Here, we define the angular momentum of the Moore-Read
Pfaffian state [19] as l ¼ þ1.
Model.—We consider a bilayer system of CFs with layer
spacing d in the presence of the long-range Coulomb
interaction [Fig. 1(a)]. We assume that the filling fraction is
the same for both layers. In the imaginary time formalism,
the partition function is Z ¼ R QsDψ†sDψ sDaðsÞDaðsÞ0 e−S,
with the action S ¼ R β0 dτ R d2rLðr; τÞ. The Lagrangian
density L is given by [17,18,20]
Lðr; τÞ
¼
X
s

ψ†sðr; τÞ½∂τ þ iaðsÞ0 ðr; τÞψ sðr; τÞ
þ 1
2m
ψ†sðr; τÞ½−i∇ − aðsÞðr; τÞ þ eAðrÞ2ψ sðr; τÞ
− μψ†sðr; τÞψ sðr; τÞ

−
X
ss0
i
2π
K−1ss0a
ðsÞ
0 ðr; τÞzˆ · ½∇ × aðs0Þðr; τÞ
þ 1
2
X
ss0
Z
d2r0δρsðr; τÞVss0 ðr − r0Þδρs0 ðr0; τÞ; ð1Þ
where ψ s represents the CF field with s ¼ 1, 2 (or ↑, ↓)
being a layer index, m is the effective mass of the CFs,
aðsÞ and aðsÞ0 are the Chern-Simons gauge fields, and A is the
Uð1Þ gauge field for the uniform external magnetic field B
along the z direction. Here, we employ units where
ℏ ¼ c ¼ 1, and the Coulomb gauge for the Chern-Simons
gauge field; ∇ · aðsÞ ¼ 0. The electron charge is −e.
The filling fraction of each layer is 2πne=ðeBÞ, where ne
is the electron density, and μ is the chemical potential.
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The energy dispersion is ϵk ¼ k2=ð2mÞ, and the Fermi
wave vector kF is given by kF ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4πne
p ¼ ﬃﬃﬃﬃﬃ2νp =l0, where
the magnetic length is l0 ¼ ðeBÞ−1=2. The Coulomb
interaction Vss0 ðrÞ ¼ e2=ðεrÞ ðs ¼ s0Þ or e2=ðε
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2 þ d2
p
Þ
ðs ≠ s0Þ [21] acts on the density fluctuation δρsðr; τÞ ¼
ψ†sðr; τÞψ sðr; τÞ − ne. The elements of the K matrix are
taken as K11 ¼ K22 ¼ ~ϕ and K12 ¼ K21 ¼ 0 with the
integer ~ϕ corresponding to the number of fluxes attached
to an electron. This is confirmed by integrating out aðsÞ0 , to
obtain the constraint ψ†sψ s ¼ zˆ ·∇ × aðsÞ=ð2π ~ϕÞ. Note that
the sign of ~ϕ represents the direction of the magnetic field,
and it changes by time-reversal operation; we take ~ϕ > 0 in
the following analysis to make the direction of the magnetic
field point upward. The filling fraction of each layer is ~ϕ−1,
so that the CFs feel effectively no magnetic field on average.
The density fluctuation is given by
δρsðr; τÞ ¼
1
2π ~ϕ
zˆ ·∇ × ½aðsÞðr; τÞ − eAðrÞ: ð2Þ
Effective interaction.—The effective action for the
gauge field is obtained by a saddle-point approximation
with expansion about the point where aðsÞ0 ¼ 0 and
aðsÞ − eA ¼ 0. With the Coulomb gauge condition, the
gauge fluctuation in the spatial part can be written by
aðsÞ1 ðq;iωmÞ¼ zˆ ·fqˆ× ½aðsÞðq;iωmÞ−eAðqÞg, where ωm ¼
2mπT is a bosonic Matsubara frequency. Up to the second
order in the gauge field, the effective action is
Seff ¼
1
2
T
X
ωm
Z
d2q
ð2πÞ2
X
ss0
X
μ;ν¼0;1
aðsÞμ ðq; iωmÞ
×D−1sμ;s0νðq; iωmÞaðs
0Þ
ν ð−q;−iωmÞ: ð3Þ
It is useful for later analysis to decompose the gauge
field into in-phase and out-of-phase fluctuations
aðÞμ ¼ ðað1Þμ  að2Þμ Þ=
ﬃﬃﬃ
2
p
, with the corresponding propaga-
tor D;μν. D−1;μν is obtained with the RPA [17,18,23,24],
whose singular terms for ω=ϵF ≪ ðq=kFÞ2 ≪ 1 and q ≪
d−1 are
D−;11ðq; iωmÞ ≈ −
1
~χdq2 þ kF2π jωmjq
; ð4aÞ
Dþ;11ðq; iωmÞ ≈ −
1
e2
πε ~ϕ2
qþ kF
2π
jωmj
q
; ð4bÞ
D−;01ðq;iωmÞ¼D−;10ðq;iωmÞ≈
1
~χdq2þ kF2π jωmjq
q
m ~ϕ
ð4cÞ
with ~χd ¼ 1=24πm þ e2d=2πε ~ϕ2 þ 1=2πm ~ϕ2.
From the effective action and the gauge propagator, the
effective interaction between the CFs [Fig. 1(b)] is obtained
by
V ¼ 1
2
X
s1s2s3s4
ψ†s1ðkþ q; iϵn þ iωmÞψ†s2ðk0 − q; iϵ0n − iωmÞ
× Veffs1s2s3s4ðk; k0; q; iωmÞψ s3ðk0; iϵ0nÞψ s4ðk; iϵnÞ; ð5Þ
where ϵn ¼ ð2nþ 1ÞπT is a fermionic Matsubara fre-
quency, and the matrix element is
Veffs1s2s3s4ðk; k0; q; iωmÞ
¼ −
X
μ;ν¼0;1
Mμνðk; k0; qˆÞ½Dþ;μνðq; iωmÞðσ0Þs1s4ðσ0Þs2s3
þD−;μνðq; iωmÞðσ3Þs1s4ðσ3Þs2s3  ð6Þ
with
Mμνðk; k0; qˆÞ ¼
1
2

1 −i zˆ·ðqˆ×k
0Þ
m
i zˆ·ðqˆ×kÞm
ðqˆ×kÞ·ðqˆ×k0Þ
m2

μν
; ð7Þ
which dictates the coupling of the Chern-Simons gauge
field fluctuation to the CFs. Here, the Pauli matrix σα
(α ¼ 0;…; 3) acts on layer indices.
The dominant contribution in the effective interaction at
small q comes from the out-of-phase fluctuation of the
current-current correlation D−;11. Preceding analysis
explained the existence of a stable interlayer paired state
by taking only the current-current propagator D;11
[17,18]. However, this is not enough to examine the stable
pairing symmetry because time-reversal symmetry break-
ing by the external magnetic field is absent. To this end, it is
necessary to include the density-current propagators D;01
and D;10, which are induced by the Chern-Simons term
and change sign under time reversal ( ~ϕ → − ~ϕ). In the
following analysis, we include all terms in the effective
interaction (6) on an equal footing.
Pairing symmetry and wave functions.—We investigate
the stable pairing state using the framework of the
Eliashberg theory. Here, the Green’s function of the CFs
in the Nambu space is written as
(a) (b)
FIG. 1. (a) Geometry of the bilayer system. The magnetic
field B is applied upward through the two layers with the
distance d. An interlayer paired state with a relative angular
momentum l ives a winding phase 2πl when one moves a CF
counterclockwise around another in the other layer. (b) Effective
interaction for CFs. μ ¼ 0 (1) at a vertex means a coupling
between the density (current) fluctuation of CFs and the Chern-
Simons gauge field.
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G−1ðk; iϵnÞ ¼
 ðiϵnZn − ξkÞσ0 ϕˆnðkÞ
ϕˆ†nðkÞ ðiϵnZn − ξkÞσ0

; ð8Þ
where Zn is the quasiparticle residue, ϕˆnðkÞ is the anoma-
lous self-energy, and ξk ¼ ϵk − μ. The gap function is
given by ΔnðkÞ ¼ ϕˆnðkÞ=Zn. We focus on fully gapped
interlayer paired states. With the in-plane rotational sym-
metry, we have ϕˆðlÞn ðkÞ ¼ ϕnðiσ2Þeilθk (even l), or ϕˆðlÞn ðkÞ ¼
ϕnðiσ3σ2Þeilθk (odd l), where l is the relative angular
momentum and θk is the azimuth of k [26].
The Green’s functionGðk; iϵnÞ yields the effective action
for the CFs. Recalling the BCS theory, we obtain the
ground state of the CFs as
jΨCFi ∝
Y
k
ð1þ gkc†k↑c†−k↓Þj0i: ð9Þ
j0i is the vacuum containing no particles, c†ks creates a CF
of momentum k on layer s, and the function gk is gk ¼
ϕneilθk=ðξk þ EkÞ with Ek ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ξ2k þ jϕnj2
q
[24]. The wave
function of a system with N electrons in each layer is
obtained by
ΨCFðfr↑g; fr↓gÞ ¼ det½gðri↑; rj↓Þ; ð10Þ
where gðri↑; rj↓Þ is the Fourier transform of gk;
gðri↑; rj↓Þ ¼ L−2
P
kgke
ik·ðri↑−rj↓Þ (L2 ¼ the area of the
system).
The electron wave function for an interlayer paired state
generally has a form
Ψðfzg; fwgÞ ¼ PLLL
Y
i<j
ðzi − zjÞ ~ϕ
Y
i0<j0
ðwi0 − wj0 Þ ~ϕ
× det½gðzi; wjÞ; ð11Þ
where PLLL is the projection operator onto the lowest
Landau level. Here, we introduce the complex representa-
tions of the coordinate zi ¼ xi↑ − iyi↑ and wj ¼ xj↓ − iyj↓
[27]. The first two terms in the right-hand side describe the
fluxes attached to the electrons. With an even ~ϕ, this
bosonic part corresponds to the Halperin ð ~ϕ; ~ϕ; 0Þ state
[28]. For an interlayer paired state with an angular
momentum l, we have gðzi; wjÞ ∼ ðzi − wjÞ−l in short
distances [24], which produces a winding phase 2πl; see
Fig. 1(a). Using the Cauchy identity, the paired CF part can
be regarded as the ðl; l;−lÞ state for a weak-pairing
case [25].
Energetics of paired states.—The quasiparticle residue
Zn receives a correction from the exchange interaction
Vexðk; q; iωmÞ ¼ −
X
μν
Mμνðk; kþ q; qˆÞ½Dþ;μνðq; iωmÞ
þD−;μνðq; iωmÞ; ð12Þ
and the anomalous self-energy ϕˆnðkÞ is related to the
interaction in the Cooper channel
Vcðk; q; iωmÞ ¼
X
μν
Mμνðk;−k − q; qˆÞ½Dþ;μνðq; iωmÞ
−D−;μνðq; iωmÞ: ð13Þ
In the Cooper channel,Dþ andD− have the different signs,
which reflects the fact that the two layers have the opposite
að−Þ gauge charges. Importantly, off-diagonal terms inMμν,
which correspond to density-current interactions and break
time-reversal symmetry, affect only Vc.
We assume ΔnðkÞ ≪ ϵF, so that the pairing occurs only
on the Fermi surface. Then, we define the effective
coupling constants for Zn and ϕˆ
ðlÞ
n ðkÞ as λZ;m and λðlÞϕ;m,
respectively:
λZ;m¼
Z
d2q
ð2πÞ2δðξkþqÞVexðk;q;iωmÞ;
λðlÞϕ;m¼
Z
d2q
ð2πÞ2δðξkþqÞVcðk;q;iωmÞ

1þ q
kF
eiθq

l
ð14Þ
with the condition jkj ¼ kF. The effective coupling con-
stants are related to the Eliashberg equations [24]
ð1 − ZnÞϵn ¼ −πT
X
ωm
λZ;mZnþmðϵn þ ωmÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Z2nþmðϵn þ ωmÞ2 þ jϕðlÞnþmj2
q ;
ϕðlÞn ¼ −πT
X
ωm
λðlÞϕ;mϕ
ðlÞ
nþmﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Z2nþmðϵn þ ωmÞ2 þ jϕðlÞnþmj2
q :
ð15Þ
The stable pairing symmetry can be examined from λðlÞϕ;m,
shown in Figs. 2(a)–2(c). The integrations in Eq. (14) have
divergences as q → 0, and a cutoff qc ¼ 10−5kF is intro-
duced to cure them [24]. Negative values of λðlÞϕ;m mean
attractive interaction atωm, and the stable pairing symmetry
will be the one that has the strongest attractive interaction.
The differences of the effective coupling constants
ΔλðlÞϕ;m ¼ λðlÞϕ;m − λð0Þϕ;m clearly display the stable pairing
symmetry [Figs. 2(d)–2(f)]. They do not have a singularity,
and hence the cutoff is not necessary. We find that the l ¼
þ1 state is favored at all frequencies when the filling
fraction is ν ¼ 1
2
þ 1
2
or 1
4
þ 1
4
. The result suggests that a
Cooper pair in the interlayer paired phase has an angular
momentum l ¼ þ1. In contrast, the l ¼ 0 state is favored at
small frequencies for ν ¼ 1
6
þ 1
6
. We note that the degen-
eracy of the states with l is lifted since the time-reversal
symmetry is broken due to the coupling of the density and
current fluctuations via the Chern-Simons term.
The layer spacing and the effective mass dependences of
ΔλðlÞϕ;m at ν ¼ 12 þ 12 are also examined (Fig. 3). As the layer
spacing d decreases, the differences of ΔλðlÞϕ;m increase, but
the ordering remains unchanged. Controlling ðe2=εl0Þ=ϵF,
proportional to the effective mass m, also does not change
the ordering of ΔλðlÞϕ;m. Similar results for other filing
fractions are provided in the Supplemental Material [24].
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Discussions.—It is instructive to examine λðlÞϕ;m using the
small-q expansion of Vcðk; q; iωmÞ. A formation of a paired
state is explainedbyconsidering thesingular termsatωm ¼ 0:
λðlÞϕ;0 ¼
1
ð2πÞ2
kF
m
Z
2kF
0
dq

−
1
~χdq2
þ 1
e2
πε ~ϕ2
q
þOðq0Þ

;
ð16Þ
which is independent of pairing symmetries. These singular-
ities are smeared at finite frequencies, seeEq. (4).λZ;m alsohas
the similar structure, but it does not disturb a formation of
pairing [29]. The first term represents attractive interaction
originated from theout-of-phase fluctuationað−Þ1 becausea
ð−Þ
μ
sees the CFs in the different layers as oppositely charged. The
second term comes from the in-phase fluctuation aðþÞ1 , which
gives repulsive interaction.
In Eq. (16), the effect of the Chern-Simons term and
hence time-reversal symmetry breaking is absent in the
singular terms. The difference is found from q0 order; we
obtain
ΔλðlÞϕ;0 ¼
1
4π2kF
Z
dq

1
2~χdm

l2 −
4l
~ϕ

þOðqÞ

ð17Þ
for qd ≪ 1. It gives a good guideline for understanding the
stable pairing symmetry. The quantity l2 − 4l= ~ϕ is negative
for ~ϕ ¼ 2 and l ¼ þ1, which explains negative ΔλðlÞϕ;m at
ν ¼ 1
2
þ 1
2
. It also nicely dictates the ordering of ΔλðlÞϕ;m at
low frequencies, while higher order corrections should
be considered if l2 − 4l= ~ϕ ¼ 0. For example, at ν ¼ 1
4
þ 1
4
,
l ¼ þ1 gives l2 − 4l= ~ϕ ¼ 0, but still the l ¼ þ1 state is
favored.
The small-q expansion (17) moreover reveals the mecha-
nism of stabilizing the l ¼ þ1 state. The l2 term originates
from the current-current interaction and the 4l= ~ϕ term from
the density-current interaction. Both are mediated by the
out-of-phase gauge fluctuation. Since the current-current
interaction is isotropic, it favors the l ¼ 0 state and
increases the energy of paired states with higher angular
momentum. In contrast, the density-current interaction can
be attractive or repulsive depending on the direction of the
external magnetic field and the pairing symmetry. If it is
attractive and exceeds the repulsion for the l ≠ 0 states,
there is a chance of pairing with finite orbital angular
momentum. This occurs only for l ¼ þ1 and ~ϕ ≤ 4
(provided ~ϕ > 0), which explains the stable l ¼ þ1 state.
The l ¼ þ1 state of CFs has the opposite angular
momentum to the fluxes attached to electrons. This is seen
from the electron wave function [Eq. (11)]. For small
distances, it has a form
Ψðfzg; fwgÞ ≈
Y
i<j
ðzi − zjÞ ~ϕ
Y
i0<j0
ðwi0 − wj0 Þ ~ϕ det

1
zi − wj

;
ð18Þ
(a) (b)
FIG. 3. (a) Layer spacing dependence of ΔλðlÞϕ;m. We set
ðe2=εl0Þ=ϵF ¼ 1 and ωm ¼ 0 at ν ¼ 12 þ 12. Reducing the
spacing makes the interaction strength stronger. (b) Effective
mass dependence of ΔλðlÞϕ;m. Note m ∝ ðe2=εl0Þ=ϵF. We set
kFd ¼ 1 and ωm ¼ 0 at ν ¼ 12 þ 12. In both cases, the ordering
of ΔλðlÞϕ;m does not change. At ν ¼ 12 þ 12, the l ¼ þ1 pairing is
favored at any cases. Δλðþ2Þϕ;0 identically vanishes for ~ϕ ¼ 2. See
also Eq. (17).
(a) (b) (c)
(d) (e) (f)
FIG. 2. Frequency dependence of (a)–(c) the effective coupling constants λðlÞϕ;m and (d)–(f) the difference Δλ
ðlÞ
ϕ;m ¼ λðlÞϕ;m − λð0Þϕ;m. We set
the filling fraction in (a) and (d) to ν ¼ 1
2
þ 1
2
, in (b) and (e) to ν ¼ 1
4
þ 1
4
, and in (c) and (f) to ν ¼ 1
6
þ 1
6
. The ratio of the Coulomb energy
to the Fermi energy is ðe2=εl0Þ=ϵF ¼ 1 and the layer spacing is kFd ¼ 1. At filling ν ¼ 12 þ 12 and 14 þ 14, the l ¼ þ1 state is favored for all
frequencies. In contrast, the l ¼ 0 pairing is stable for low frequencies at ν ¼ 1
6
þ 1
6
.
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which shows the opposite angular momenta for the fluxes
and interlayer pairing.
Our finding of the interlayer paired state with l ¼ þ1 at
large layer spacing is consistent with a preceding study
[30], which estimated the pairing symmetry within the BCS
theory. The properties of this l ¼ þ1 state are studied also
in Ref. [20] without energetics. On the other hand,
numerical studies of finite size quantum Hall bilayers on
a sphere seem to infer a paired CF phase of the l ¼ −1
interlayer paired state at ν ¼ 1
2
þ 1
2
[31,32]. This l ¼ −1
state was found to be an exciton condensate in a very recent
paper [33], which preserves the particle-hole symmetry of
half-filled Landau levels. Here, we focus on the time-
reversal symmetry breaking due to the external magnetic
field, instead of the particle-hole symmetry, only present in
the case of ν ¼ 1
2
þ 1
2
. The origin of the discrepancy in the
stable pairing channel is presently unclear.
Conclusion.—We have studied the pairing symmetry of
interlayer paired states in quantum Hall bilayers by taking
into account the density and current fluctuations of CFs,
and have found the l ¼ þ1 pairing is energetically favored
at the filling fraction ν ¼ 1
2
þ 1
2
and 1
4
þ 1
4
. The Chern-
Simons term couples the density and current fluctuations,
which breaks the time-reversal symmetry to lift the degen-
eracy of l states.
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